Emergent D5-brane background from D-strings  by Ferrari, Frank & Rovai, Antonin
Physics Letters B 724 (2013) 121–126Contents lists available at SciVerse ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Emergent D5-brane background from D-strings
Frank Ferrari ∗, Antonin Rovai
Service de Physique Théorique et Mathématique, Université Libre de Bruxelles and International Solvay Institutes, Campus de la Plaine, CP 231, B-1050 Bruxelles, Belgium
a r t i c l e i n f o a b s t r a c t
Article history:
Received 13 May 2013
Accepted 19 May 2013
Available online 22 May 2013
Editor: L. Alvarez-Gaumé
We solve the worldsheet theory describing the near-horizon dynamics of a D-string in the presence of
a very large number N of D5-branes. The model is pre-geometric in the sense that the near-horizon
worldsheet Lagrangian does not have dynamical ﬁelds associated with the dimensions transverse to the
D5-branes. The solution at large N is shown to be given by a classical action for the D-string moving in
a curved ten-dimensional spacetime. The four dimensions transverse to the D5-branes emerge from the
quantum loops of the original strongly coupled quantum worldsheet ﬁeld theory. By comparing with the
Dirac–Born–Infeld plus Chern–Simons action for a D-string in a general type IIB background, we identify
the string-frame metric, dilaton and Ramond–Ramond three-form ﬁeld strength and ﬁnd a match with
the near-horizon geometry of a stack of D5-branes.
© 2013 Elsevier B.V. Open access under CC BY license.1. Introduction
The AdS/CFT correspondence [1–3] and its generalizations (see
e.g. [4,5] for reviews and references) offer a framework in which,
at least in principle, geometry and quantum gravity can be stud-
ied from ordinary quantum ﬁeld gauge theories. In this frame-
work, a d-dimensional ﬁeld theory is postulated to be dual, in
the large N limit, to a classical gravitational theory deﬁned on
a higher D > d dimensional curved spacetime. The D−d additional
dimensions are emerging from strongly coupled quantum physics
in the gauge theory. The study of the emerging geometry from the
pure ﬁeld theory point of view is unfortunately rather diﬃcult in
general. It requires to compute observables in the strong coupling
regime of the ﬁeld theory and to extract from them information
about the dual geometry.
Recently, it was proposed in [6] to focus on the ﬁeld the-
ory models describing the near-horizon worldvolume dynamics of
a ﬁxed number of D-branes, called the probe branes, in the pres-
ence of a very large number N of other D-branes, called the back-
ground branes. These models are pre-geometric, because they do
not contain dynamical ﬁelds associated with the dimensions trans-
verse to the background branes. According to the AdS/CFT lore, in
the large N limit, they should be equivalent to classical worldvol-
ume theories describing the motion of the probe D-branes in the
ten-dimensional supergravity solution sourced by the background
branes. This non-trivial supergravity solution should thus emerge,
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Open access under CC BY license.alongside the transverse dimensions of space on which it lives,
from the large N solution of the probe branes worldvolume model.
Much more details on these ideas can be found in [6–8].
The power of this approach is that it is easier to extract some
strong coupling information from the large N probe brane models
than from the large N background brane theories [6]: the latter
are complicated matrix models, whereas the former are vector-
like models. It is then possible to explicitly derive the emergence
of space from a microscopic calculation in the strongly coupled
vector-like worldvolume theory. In all the examples that have been
studied so far [6,7,9], the solution at large N can be described by
a classical action matching the non-abelian D-brane action for the
probe branes in the correct ten-dimensional curved background.
The scalar ﬁelds associated with the emerging classical dimen-
sions of space are composite variables in the original microscopic
description whose quantum ﬂuctuations are suppressed in the
large N limit by the quantum loops of the vector variables.
The aim of the present work is to apply the above ideas to
derive the emergent near-horizon geometry of a large number of
D5-branes in type IIB string theory by studying the corresponding
probe D-string worldsheet model. We start in Section 2 by pre-
senting in detail the relevant D-string microscopic pre-geometric
worldsheet theory. We solve the model at large N in Section 3 and
ﬁnd that the solution is expressed in terms of a classical action
which contains the right dynamical ﬁelds to describe the motion
of the D-strings in a ten-dimensional background. In Section 4,
we compare the expansion of this action around a ﬂat worldsheet
with the corresponding terms derived from the well-known Dirac–
Born–Infeld plus Chern–Simons D-string action in arbitrary super-
gravity background. This allows us to identify the string-frame
metric, dilaton and Ramond–Ramond three-form ﬁeld strength
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fectly the near-horizon supergravity solution sourced by the back-
ground D5-branes.
2. The D-string microscopic action
In principle, we need the action describing the dynamics of the
open string modes of a system composed of a ﬁxed number K of
D-strings and a large number N of D5-branes, in an appropriate
decoupling, near-horizon limit [10]. All the branes are chosen to
be parallel to each other, and we work in the Euclidean signature.
In particular, the model preserves eight supercharges and there is
an SO(2)×SO(4)×SO(4)′ global symmetry group corresponding to
rotations in spacetime preserving the brane conﬁguration: SO(2) is
associated with rotations on the D-string worldsheet, SO(4)′ with
rotations on the D5-brane worldvolume transverse to the D-strings
and SO(4) with rotations transverse to both the D-strings and the
D5-branes.
This action could be studied by evaluating appropriate low-
energy limits of open string disk diagrams with various bound-
ary conditions. This is a very tedious and complicated proce-
dure, which was performed in the case of the D(−1)/D3 system
in [11,12]. In our case, the result is a sum of a worldsheet action
for the D-strings and a worldvolume action for the D5-branes, with
couplings between the D-string and D5-brane degrees of freedom.
However, the naïve action obtained in this way for the degrees of
freedom living on the D5-branes would not be renormalizable and
thus could be used only in the infrared. In other words, the full de-
scription of the D5-brane is not ﬁeld theoretic. Fortunately, an ex-
plicit description of the D5-brane degrees of freedom and their
couplings to the D-strings will not be required for our purposes.
Indeed, due to supersymmetry, these couplings are not expected
to contribute to the terms in the effective action on which we
shall focus. A similar non-renormalization theorem was discussed
in [13] in the case of D-particles. We refer to [6] for a detailed dis-
cussion of these issues in the case of the D(−1)/D3 system and
to [14] for a general discussion in non-supersymmetric contexts.
We thus focus on the D-string worldsheet Lagrangian, without
referring any longer to possible couplings to the D5-brane ﬁelds.
The form of the Lagrangian is strongly constrained by (4,4) su-
persymmetry and global symmetries. The simplest way to derive
it is to proceed in two steps. First, we perform the dimensional
reduction of the U(K ) N = 1 gauge theory in six dimensions
down to two dimensions. The theory must contain one hyper-
multiplet in the adjoint, corresponding to D1/D1 string degrees of
freedom, and N hypermultiplets in the fundamental correspond-
ing to the D1/D5 strings. Second, a suitable scaling limit must be
implemented on this action, which corresponds to the correct low-
energy limit associated with the standard Maldacena near-horizon
limit [1,10,15]. We present these two steps successively in the next
two subsections.
2.1. Dimensional reduction from six to two dimensions
The six-dimensional U(K ) gauge theory has a spacetime sym-
metry group SO(6), R-symmetry group SU(2)+ , internal symmetry
group SU(2)− and ﬂavor symmetry group SU(N). The ﬁeld content
is as follows. The vector multiplet is composed of the gauge poten-
tial Ar , 1 r  6 and the gluino Λα , which is a doublet of SU(2)+ .
The adjoint hypermultiplet contains the adjoint scalars aμ in the
vector of SO(4) ∼ SU(2)+ × SU(2)− and a fermionic doublet Λ¯α˙
of SU(2)− . The fundamental hypermultiplets contain SU(2)+ scalar
doublets (qαf , q˜
α f ) and Weyl fermions (χ f , χ˜ f ) in the fundamental
and antifundamental of SU(N). The chirality of the Weyl spinors inthe vector multiplet on the one hand and in the hypermultiplets
on the other hand must be opposite.
After the dimensional reduction down to two dimensions, the
six-dimensional spacetime symmetry group SO(6) yields the two-
dimensional spacetime symmetry group SO(2) and a new global
SO(4)′ ∼ SU(2)′+ × SU(2)′− . The ﬁelds of the six-dimensional the-
ory are then reorganized into representations of SO(2) and SO(4)′ ,
while their transformation laws under U(K ), U(N), SU(2)+ and
SU(2)− are left unchanged.
More precisely, the six-dimensional vector multiplet yields the
two-dimensional gauge ﬁeld AI , four scalars φm transforming in
the vector representation of SO(4)′ and spinors Λαζ , Λαζ˙ trans-
forming in the representations (1/2,0)1/2 and (0,1/2)−1/2 of
SO(4)′ × SO(2). The adjoint hypermultiplet yields four scalars aμ
and spinors Λ¯α˙ζ , Λ¯α˙ζ˙ transforming in the representations
(1/2,0)−1/2 and (0,1/2)1/2 of SO(4)′ × SO(2). Finally, the fun-
damental hypermultiplets yield the scalars qαf and q˜
α f together
with fermions (χζ f , χ˜ζ f ) in the (1/2,0)−1/2 and (χζ˙ f , χ˜ζ˙ f ) in
the (0,1/2)1/2 representations of SO(4)′ × SO(2) respectively. Let
us note that the model is also invariant under worldsheet parity
transformations which act by exchanging the SU(2)′+ and SU(2)′−
factors of SO(4)′ . All these symmetry properties are summarized
in Table 1 in Appendix A.
The (4,4) supersymmetric Lagrangian resulting from the di-
mensional reduction can then be written as
L˜ = 
2
s
2gs
trU(K )
(
2
4s
IK + 1
2
F I J F I J + ∇Iφm∇Iφm
− 1
2
[φm, φn][φm, φn] + ∇Iaμ∇Iaν − [φm,aμ][φm,aμ]
+ 2i[aμ,aν ]Dμν − DμνDμν − 2Λαζσmζ ζ˙
[
φm,Λ
ζ˙
α
]
− 2iΛαζ∇wΛαζ + 2iΛαζ˙ ∇w¯Λ
ζ˙
α + 2Λ¯ζα˙σmζ ζ˙
[
φm, Λ¯
α˙ζ˙
]
− 2iΛ¯ζα˙∇w¯Λ¯α˙ζ + 2iΛ¯α˙ζ˙∇wΛ¯α˙ζ˙ − 2iσμαα˙Λαζ
[
aμ, Λ¯
α˙ζ
]
+ 2iσμαα˙Λαζ˙
[
aμ, Λ¯
α˙
ζ˙
])+ 1
2
∇I q˜α f ∇Iqα f − 12φmq˜
α f φmqα f
− 1
2
χ˜ f ζ σmζ ζ˙ φmχ
ζ˙
f +
1
2
χ˜
f
ζ˙
σ¯
ζ˙ ζ
m φmχ f ζ + iχ˜ f ζ∇w¯χ f ζ
− iχ˜ f
ζ˙
∇wχζ˙f −
1√
2
q˜α f Λαζχ
ζ
f +
1√
2
q˜α f Λζ˙αχ f ζ˙
− 1√
2
χ˜ ζ f Λαζ qα f +
1√
2
χ˜
f
ζ˙
Λαζ˙qα f + i2 q˜
α f Dμνσμνα
βqβ f .
(2.1)
We have introduced the usual complex worldsheet coordinates w
and w¯ , with associated covariant derivatives ∇w = (∇1 − i∇2)/2
and ∇w¯ = (∇1 + i∇2)/2. We have also introduced a self-dual aux-
iliary ﬁeld Dμν in the adjoint of U(K ). This ﬁeld allows us to
write the quartic interactions between the scalars (a,q, q˜) in a sim-
ple way which will be useful for performing the scaling limit in
the next subsection. The overall normalization as well as the con-
stant term in the Lagrangian are ﬁxed by the D-string tension, the
string length being related to the fundamental string tension by
2s = 2πα′ .
2.2. The scaling limit
The scalar ﬁelds aμ and φm in the worldsheet Lagrangian (2.1)
are associated with the motion of the D-strings parallel and trans-
verse to the D5-branes respectively. The corresponding coordinates
are
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To implement the standard decoupling, near-horizon limit [1,10,
15], we take s → 0 while keeping Xμ , Ym/2s = φm and the
six-dimensional ’t Hooft coupling N2s gs ﬁxed, as usual. Super-
symmetry then dictates that the fermionic superpartners Λα and
ψ¯ α˙ = 2s Λ¯α˙ of φm and Xμ respectively must also be kept ﬁxed. In-
troducing ψα = 2sΛα , the Lagrangian (2.1) then simpliﬁes in the
scaling to
Lp = 1
22s gs
trU(K )
(
2IK + ∇I Xμ∇I Xν + 2i[Xμ, Xν ]Dμν
− −4s [Ym, Xμ][Ym, Xμ] − 2iψ¯ζα˙∇w¯ ψ¯ α˙ζ + 2iψ¯α˙ζ˙∇w ψ¯ α˙ζ˙
+ 2−2s ψ¯ζα˙σmζ ζ˙
[
Ym, ψ¯
α˙ζ˙
]− 2i−2s ψαζ σμαα˙[Xμ, ψ¯α˙ζ ]
+ 2i−2s ψαζ˙ σμαα˙
[
Xμ, ψ¯
α˙
ζ˙
])+ 1
2
∇I q˜α f ∇Iqα f
− 1
24s
Ymq˜
α f Ymqα f − 1
22s
χ˜ f ζ σmζ ζ˙ Ymχ
ζ˙
f
+ 1
22s
χ˜
f
ζ˙
σ¯
ζ˙ ζ
m Ymχ f ζ + iχ˜ f ζ∇w¯χ f ζ − iχ˜ fζ˙ ∇wχ
ζ˙
f
− 1√
22s
q˜α f ψαζχ
ζ
f +
1√
22s
q˜α f ψζ˙αχ f ζ˙ −
1√
22s
χ˜ ζ f ψαζ qα f
+ 1√
22s
χ˜
f
ζ˙
ψαζ˙qα f + i2 q˜
α f Dμνσμνα
βqβ f . (2.3)
This Lagrangian will be our starting point for the probe D-string
worldsheet theory.
It is important to emphasize that the scalar ﬁelds Ym are non-
dynamical auxiliary variables in (2.3). Indeed, they do not have
a kinetic term and could be trivially integrated out. However, as
explained in the next section, these ﬁelds become dynamical due
to the quantum corrections and play a central rôle both in the
mathematics and the physical interpretation of the solution of the
model at large N [6].
3. Solving the model at large N
We now solve the model deﬁned by the Lagrangian (2.3)
along the lines of [6,7,9]. The crucial property is that the ﬁelds
(q, q˜,χ, χ˜) carry only one U(N) index and are thus vector-like
variables. The large N path integral over these ﬁelds can then al-
ways be performed exactly, using standard techniques for large N
vector models [16–20]. The idea is to rewrite the action by in-
troducing suitable auxiliary ﬁelds, in order to make the vector
variables appear only quadratically. In our case, the relevant aux-
iliary ﬁelds are precisely the variables (Ym,ψαζ ,ψαζ˙ , Dμν) which
we have already included when writing (2.3). The path integral
over the vector variables is then Gaussian. The result is an effective
action for the auxiliary ﬁelds, which become dynamical through
the quantum loops of the vector variables. Moreover, and most im-
portantly, this effective action is automatically proportional to N
because the vector ﬁelds have N components. At large N , it can
thus be treated classically.
The resulting structure is thus perfectly consistent with the
D-string seen as moving in a higher dimensional classical non-
trivial background. Indeed, the ﬁelds Ym can be interpreted as the
emerging coordinates which behave classically at large N and the
metric on the emerging space will be related to the kinetic term
for the Ym .
Let us now carry out this procedure explicitly for our model,
mainly focusing on the case of a single D-string probe.3.1. Integrating out
The effective action NSeff is given by
e−NSeff =
∫
dqdq˜dχ dχ˜ e−Sp , (3.1)
where Sp is the action for the Lagrangian (2.3). In order to derive
the emergent geometry, we can focus on the bosonic part of the
effective action and thus set the fermionic ﬁelds ψ and ψ¯ to zero.
Note, however, that computing the fermionic terms in the effective
action could also be done straightforwardly.
The integral (3.1) is Gaussian and yields
Seff(A, X, Y , D) = 1
2N2s gs
∫
d2w trU(K )
(
2IK + ∇I Xμ∇I Xμ
+ 2i[Xμ, Xν ]Dμν − −4s [Ym, Xμ][Ym, Xμ]
)
+ lnq,q˜ − lnχ,χ˜ , (3.2)
where the determinants q,q˜ and χ,χ˜ are given by
q,q˜ = det
(−IK ⊗ I2∇2 + −4s YmYm ⊗ I2 + iDμν ⊗ σμν), (3.3)
χ,χ˜ = det
(−2iIK ⊗ I2∇w¯ −2s Ym ⊗ σm
−−2s Ym ⊗ σ¯m 2iIK ⊗ I2∇w
)
. (3.4)
At large N , the ﬁeld Dμν is ﬁxed in terms of the other variables
by the saddle point equation
δSeff
δDμν
= 0. (3.5)
If we specialize to the case K = 1 of a single D-string probe, then
the solution is simply Dμν = 0. This follows from the vanishing
of the linear term in D in the expansion of (3.3) around D = 0
or, equivalently, from the commuting nature of the Xμ and SO(4)
invariance. We thus get
Seff(A, X, Y ) = 1
N2s gs
∫
d2z
(
1+ 1
2
∂I Xμ∂I Xμ
)
+ 2 lndet(−∇2 + −4s YmYm)
− lndet
( −2iI2∇w¯ −2s Ymσm
−−2s Ymσ¯m 2iI2∇w
)
. (3.6)
3.2. The effective action up to cubic order
We are going to use (3.6) up to order three in an expansion in
the ﬁeld strength F I J and around constant values of the coordinate
worldsheet ﬁelds,
Xμ = xμ + 2sμ, Ym = ym + 2sm. (3.7)
Eventually, we shall match NSeff up to this order in the next sec-
tion with the D-string action in a general type IIB background.
The explicit computation of the expansion is straightforward.
Let us introduce the radial coordinate r deﬁned by
r2 = ym ym. (3.8)
We write
lnq,q˜ = 2 lndet KB + 2 tr ln
(
I+ K−1B ϕ
)
, (3.9)
lnχ,χ˜ = lndet KF + tr ln
(
I+ K−1F ξ
)
, (3.10)
in terms of the bosonic and fermionic propagators
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(
w,w ′
)= ∫ d2p
(2π)2
eip·(w−w ′)
p2 + −4s r2
, (3.11)
K−1F
(
w,w ′
)= ∫ d2p
(2π)2
eip·(w−w ′)
p2 + −4s r2
(
2I2pw −2s ymσm
−−2s ymσ¯m −2I2pw¯
)
(3.12)
and with
ϕ = 2−2s ymm + mm − i∂I A I − 2i AI∂I + AI AI , (3.13)
ξ =
(
2I2Aw¯ mσm
−mσ¯m −2I2Aw
)
. (3.14)
We then expand the traces in (3.9) and (3.10) using
ln(I+ δ) = −
∞∑
k=1
(−1)k
k
δk (3.15)
and compute the resulting one-loop Feynman integrals.
At zeroth and ﬁrst order, the contributions from the bosonic
and fermionic determinants cancel each other and only the con-
stant D-string tension term in (3.6) remains. At second and third
order, we obtain a non-local effective action, which we write as
a power series in derivatives by expanding the associated Feyn-
man integrals for small external momenta. Overall, we get
NSeff(A, X, Y ) =
∫
d2w
(
1
2s gs
+ 
2
s
2gs
∂Iμ∂Iμ
+ N
4
s
4πr2
∂Im∂Im + N
4
s
8πr2
F I J F I J
− N
6
s
2πr4
ymm∂In∂In − N
6
s
4πr4
mymF I J F I J
− iN
6
s
6πr4
I J ymmnlpn∂Il∂ Jp
)
+ · · · (3.16)
where the · · · stand for terms of quartic or higher order and terms
with more than two derivatives. Of course, the result is consis-
tent with the symmetries of the microscopic theory discussed in
Section 2.1, including the worldsheet parity which must come ac-
companied by a parity transformation in the directions ym .
4. The emergent background
The action for a D-string moving in a general type IIB super-
gravity background is the sum of a Dirac–Born–Infeld term and
a Chern–Simons term [21,22],
S = 1
2s gs
∫
d2ξ e−Φ
√
det
[
P(G + B) + 2s F
]
+ i
2s gs
∫ [
P(C0B + C2) + 2s C0F
]
, (4.1)
where the ﬁelds Φ , G , B , C0 and C2 are the dilaton, string-frame
metric, Kalb–Ramond two-form and Ramond–Ramond potentials
respectively, F is the worldsheet ﬁeld strength and P denotes the
pull-back of the spacetime ﬁelds to the worldsheet. Working in the
static gauge and writing the ﬁelds Zi , 1  i  8, corresponding to
the coordinates transverse to the D-string worldsheet as
Zi = zi + 2si, (4.2)
we can expand (4.1) in powers of i and F . Following the ba-
sic idea that underlies the present work as well as our previous
studies [6,7,9], this expansion should match with the similar ex-
pansion (3.16) of the effective action describing the solution ofthe large N microscopic model of the D-strings in the presence of
the N D5-branes. Moreover, we should be able to derive the pre-
cise supergravity background sourced by the D5-branes from the
coeﬃcients in the expansion (3.16). Let us check that this is in-
deed the case.
The zeroth order Lagrangian derived in this way from (4.1)
reads
L(0) = 1
2s gs
[
e−Φ
√
det(GI J + B I J ) + i
2
 I J
(
C0B I J + (C2)I J
)]
,
(4.3)
where the capital Latin indices 1 I, J , . . . 2 correspond as usual
to the directions parallel to the D-string worldsheet. Matching with
the microscopic result (3.16) and taking into account worldsheet
parity invariance yields the conditions
e−Φ
√
det(GI J + B I J ) = 1, C0B I J + (C2)I J = 0. (4.4)
Taking these constraints into account, the Lagrangian derived
from (4.1) at ﬁrst order in  is, up to an irrelevant total deriva-
tive,
L(1) = 1
2gs
F I J
(−E I J + iC0 I J ), (4.5)
where the matrix E I J is the inverse of GI J + B I J . Using the fact
that L(1) = 0 in (3.16) and worldsheet parity, we get
B I J = 0, C0 = 0. (4.6)
The conditions (4.4) thus reduce to
e−Φ
√
detGI J = 1, (C2)I J = 0. (4.7)
Taking these results into account as well as the fact that GiI = 0
from ISO(2) invariance along the worldsheet, the second order La-
grangian derived from (4.1) then reads
L(2) = 
2
s
gs
[(
1
2
G˜ I J Gi j + G˜ I[ J G˜ K ]L BiL B jK
)
∂Ii∂ J j
+ 1
4
G˜ I J G˜ K L F IK F J L − i I J ∂[i(C2) j]Ii∂ J j
]
, (4.8)
where the matrix G˜ I J is the inverse of the two-by-two matrix GI J .
Comparing with (3.16) and using again parity invariance yields
GI J =
√
2πr2
2s gsN
δI J , ∂[i(C2) j]I = 0 (4.9)
and then
eΦ =
√
2πr2
2s gsN
(4.10)
by using (4.7). Comparing the terms ∂Ii∂ J  j in (3.16) and (4.8),
using (4.9) and the ISO(2) symmetry to ﬁx B Ii = 0, we ﬁnd
Gμν =
√
2πr2
2s gsN
δμν, Gmn =
√
2s gsN
2πr2
δmn. (4.11)
We thus ﬁnd that the components GI J and Gμν match, which
shows that the metric has the expected SO(6) isometry of the
background sourced by D5-branes. We can continue the same anal-
ysis at third order. Using the constraints on the background that
we have already derived, (4.1) yields the third order Lagrangian up
to two derivative terms,
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4
s
2gs
[
∂i
(
G˜ I J G jk
)
i∂I j∂ Jk + i I J ∂[i(C2) jk]i∂I j∂ Jk
+ 1
2
∂i
(
G˜ I J G˜ K L
)
i F I L F J K + G˜ I K G˜ J L Bi j F K L∂Ii∂ J j
]
.
(4.12)
Matching with (3.16) and using the ISO(2) invariance and SO(6)
isometry of the background, we then obtain
Bij = 0, F3 = dC2 = 16mnlp∂pe
−2Φ dym ∧ dyn ∧ dyl. (4.13)
Overall, we have derived the following type IIB supergravity back-
ground
eΦ =
√
2πr2
2s gsN
,
ds2 = eΦ(dwI dwI + dxμ dxμ) + e−Φdym dym,
F3 = dC2 = 1
6
mnlp∂pe
−2Φ dym ∧ dyn ∧ dyl,
B = C0 = 0, (4.14)
which perfectly matches with the well-known near-horizon geom-
etry of N D5-branes [23].
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Appendix A. Notations and conventions
We work in Euclidean signature throughout this Letter. All our
conventions are chosen consistently with those of [6,7,9].
A.1. Symmetries and indices
For K D-strings parallel to N D5-branes, the symmetry group
is SO(2) × SO(4) × SO(4)′ . The SO(2) factor corresponds to ro-
tations in the two-dimensional space parallel to the D-strings,
the SO(4) factor corresponds to rotations in the four-dimensional
space parallel to the D5-branes and transverse to the D-strings and
the SO(4)′ factor corresponds to rotations in the four-dimensional
space transverse to both the D-strings and the D5-branes.
We use indices 1  I, J , . . .  2 for the vectors of SO(2), 1 
μ,ν  4 and 1 α,β  2 for the vectors and left-handed spinors
of SO(4) respectively and 1  m,n  4 and 1  ζ, ξ  2 for the
vectors and left-handed spinors of SO(4)′ respectively. For right-
handed spinors we use dotted indices α˙, ζ˙ , etc. The SO(4) spinor
indices are raised and lowered according to the standard conven-
tions
λα = αβλβ, (A.1)
ψα˙ = α˙β˙ψβ˙ , (A.2)
with 21 = −12 = −21 = 12 = 1, and similarly for the SO(4)′
spinor indices ζ , ξ , etc.
We also have gauge group indices f , f ′ and i, j for U(N) and
U(K ) respectively. We often suppress these indices if there is no
ambiguity.Table 1
Conventions for the transformation laws of indices and ﬁelds. For maximum clar-
ity, we have indicated all the indices associated to each ﬁeld, whereas in the main
text the gauge U(N) and U(K ) indices are usually suppressed. The representa-
tions of Spin(4) = SU(2)+ × SU(2)− and Spin(4)′ = SU(2)′+ × SU(2)′− are indicated
according to the spin in each SU(2) factor. The (1/2,1/2) of SU(2)+ ×SU(2)− corre-
sponds to the fundamental representations of SO(4). The U(1) group corresponds to
the worldsheet rotations under which positive and negative chirality spinors have
charge 1/2 and −1/2 respectively.
Spin(4) Spin(4)′ U(1) U(N) U(K )
I, J , . . . (0,0) (0,0) 1 1 1
μ,ν, . . . (1/2,1/2) (0,0) 0 1 1
m,n, . . . (0,0) (1/2,1/2) 0 1 1
α,β, . . . (upper or lower) (1/2,0) (0,0) 0 1 1
α˙, β˙, . . . (upper or lower) (0,1/2) (0,0) 0 1 1
ζ, ξ, . . . (upper or lower) (0,0) (1/2,0) 0 1 1
ζ˙ , ξ˙ , . . . (upper or lower) (0,0) (0,1/2) 0 1 1
f , f ′, . . . (lower) (0,0) (0,0) 0 N 1
f , f ′, . . . (upper) (0,0) (0,0) 0 N¯ 1
i, j, . . . (lower) (0,0) (0,0) 0 1 K
i, j, . . . (upper) (0,0) (0,0) 0 1 K¯
AI (0,0) (0,0) 1 1 Adj
Xμi j = 2s Aμi j (1/2,1/2) (0,0) 0 1 Adj
Ymi j = 2sφmi j (0,0) (1/2,1/2) 0 1 Adj
ψαζ i
j = 2sΛαζ i j (1/2,0) (1/2,0) 1/2 1 Adj
ψαζ˙ i
j = 2sΛαζ˙ i j (1/2,0) (0,1/2) −1/2 1 Adj
ψ¯ α˙ ζ i
j = 2s Λ¯α˙ ζ i j (0,1/2) (1/2,0) −1/2 1 Adj
ψ¯ α˙ ζ˙ i
j = 2s Λ¯α˙ ζ˙ i j (0,1/2) (0,1/2) 1/2 1 Adj
Dμνi j (1,0) (0,0) 0 1 Adj
qα f i (1/2,0) (0,0) 0 N K
q˜α f i (1/2,0) (0,0) 0 N¯ K¯
χζ f i (0,0) (1/2,0) −1/2 N K
χζ˙ f i (0,0) (0,1/2) 1/2 N K
χ˜ζ
f i (0,0) (1/2,0) −1/2 N¯ K¯
χ˜ζ˙
f i (0,0) (0,1/2) 1/2 N¯ K¯
Table 2
Location of the D1- and D5-branes in R10. The third row indicates the notation we
use for the various types of coordinates.
1 2 3 4 5 6 7 8 9 10
D5 × × × × × ×
D1 × ×
w1 w2 x1 x2 x3 x4 y1 y2 y3 y4
The branes are located in R10 according to Table 2. We de-
note by wI the two coordinates parallel to the D-strings and by
(zi) = (xμ, ym) the coordinates transverse to the D-strings. We also
deﬁne the radial coordinate r by
r2 = ym ym. (A.3)
A.2. Four-dimensional algebra
The standard Pauli matrices are taken to be
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
.
(A.4)
We deﬁne
σμαα˙ = (σ ,−iI2×2)αα˙, σ¯ α˙αμ = (−σ ,−iI2×2)α˙α (A.5)
and
σμν = 1
4
(σμσ¯ν − σνσ¯μ), σ¯μν = 1
4
(σ¯μσν − σ¯νσμ). (A.6)
We have the useful following identities for the computation of the
effective action at second and third order:
126 F. Ferrari, A. Rovai / Physics Letters B 724 (2013) 121–126tr(σμσ¯νσρσ¯λ) = 2(δμνδρλ − δμρδνλ + δμλδρν − μνρλ), (A.7)
aμ1aμ2aμ3 tr(σμ1 σ¯ν1σμ2 σ¯ν2σμ3 σ¯ν3 + σ¯μ1σν1 σ¯μ2σν2 σ¯μ3σν3)
= 4[a2(aν1δν2ν3 + aν2δν1ν3 + aν3δν1ν2) − 4aν1aν2aν3], (A.8)
for any numbers aμ and where we set a2 = aμaμ and 1234 = +1.
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